Superconducting magnets tend to produce magnetic fields which have larger higher systematic multipoles and larger random multipoles than conventional magnets. The current carrying coils in superconducting magnets are usually not shielded by the iron yoke, and thus the magnetic field shape is determined by the current distribution rather than the shape of an iron surface. Higher systematic magnetic field multipoles are then generated by necessary deviations of the current distribution from the ideal desired distribution; random multipoles are generated by errors in the location of the current carrying conductors. The presence of these undesired field multipoles will limit the good field aperture of the accelerator. One effect of these multipoles is that they will distort the working line, the dependencies of the V-values, vX9 Vy, on the momentum Ap/p. Another effect of these multipoles is to produce linear and non-linear stop bands. This paper is concerned primarily with aperture limits due to the distortion of the working line.
Distortion of the working line produced by the lower field multipoles is usually corrected with a correction coil system provided for that purpose. The working line distortion that remains is that due to higher field multipoles that cannot be corrected with the correction coil system. The magnetic field due to the higher multipoles vary like some high power of r, the radial distance from the magnet center, like at least r6 in the case of the CBA (Colliding Beam Accelerator at BNL). The effect of the higher multipoles on the working line shape will be small for low Ap/p, and will set in very rapidly at some higher momentum. The higher multipoles will thus produce an aperture wall, inside which the field is good. The field then deteriorates rapidly when it reaches this aperture wall generated by the higher multipoles.
The considerations given in the following sections show that for the systematic field multipoles in the CBA, the distortion of the working line leads to a set of allowed values or tolerances for these higher systematic multipoles. For the higher random field multipoles, the distortion of the working line limits the good field aperature in the CBA at about the momentum spread of Ap/p = ±.014, where Ap/p = ±.O1 is required for CBA operation. The aperture limits due to distortion of the working line depend on the details of the particular accelerator being studied. It will be assumed here that the cause of the aperture limit is that found for the CBA. For another proton accelerator, perhaps the dissusion given below can be modified according to the details of that accelerator. For the CBA, the aperture limit may be due to the onset of the transverse collective instability for coasting beams, which is sensitive to the shape of the working line. The numbers given above for the local chromaticity required for stability, and the local chromaticity that can be provided by the correction coils are very rough. Fortunately, the tolerance on the higher multipoles is rather insensitive to these numbers. The chromaticity generated by one of the higher multipoles is varying rapidly with the momentum tp/p. Thus if one of the higher multipoles is within a factor of 2 or so of the allowed value for a beam that extends to tp/p = .01, it will exceed the allowed value for a slightly higher Ap/p. In other words, there is not much physical difference between results for the allowed higher multipoles which differ by a factor of 2 or so.
The results given above indicate that the local chromaticity needed for stability and the local chromaticity provided by the correction coils are roughly equal for the CBA. This means that the chromaticity corrections are quite tight, and any effect, like the local chromaticity due to higher multipoles that can use up chromaticity correction capacity, can be harmful.
In the following two sections the above considerations will be applied to determine the effect of the systematic higher multipoles, and the random higher multipoles on the good field aperture in the CBA.
Aperture Limits Due to Systematic Higher Magne_tic Field Multipoles
To establish a criterion for the allowed systematic higher multipoles due to the chromaticity effect, it will be assumed that each systematic field multipole should produce a chromaticity at Ap/p = .01 of no more than C = .8, which is 10% of the amount needed for stability and 10% of the amount that can be provided by the correction coils for CBA. Ap/p = .01 is the edge of the beam in CBA. 
(3)
The sum over k is a sum over all the magnets in the accelerator. L is the magnet length, p is the radius of curvature and Xp is the closed orbit dispersion.
If there is an appreciable closed orbit sagitta in the dipoles, as is the case for CBA, the sagitta effect needs to be included, and in Eq. 3 one needs to
where xs(s) is the sagitta, the closed orbit relative to the axis of the dipole, and the integral is over the dipole.
The chromaticity C = pdv/dp is then given by
. 93 1 Although the allowed systematic multipoles given by the two criterions differ by almost a factor of 3 for some of the multipoles, they differ by only 10% as far as the aperture is concerned. As mentioned earlier, fairly large changes in the allowed bn give only small changes in the good field aperture.
Aperture Limits Due to Random Higher

Magnetic Field Multipoles
To establish a criterion for the allowed random higher multipoles due to the distortion of the working line in the CBA, it will be assumed that each random multipole should produce a chromaticity at Ap/p = .01 of no more than C = .8 peak value (Crms .4), which is 10% of the amount needed for stability and 10% of the amount that can be provided by the correction coils in the CBA.
The V-shift due to the random bn multipole may be written as
The above equations can be applied to the systematic multipoles bn in the dipoles to find the allowed values of these bn so that the chromaticity generated by each multipole at Ap/p = .01 is less than C = .8. For the CBA, this gives the following allowed values for the systematic multipoles in the dipoles. Avrms = A9n (,P/P)n1 where tivn is given by
The sum over k is a sum over all the magnets in the accelerator, and L(k) is the length of each magnet.
If there is an appreciable sagitta in the dipoles, then in Eq. 7 one needs to replace Xn-l(k) a(k) as indicated by Eq. 4. p
The rms chromaticity, Crms = pdv/dp is then given by
The above equations could be applied to the random multipoles in the dipoles to find the allowed values of these bn so that the chromaticity generated by each multipole at Ap/p = .01 is less than Crms = .4. However this leads to a set of allowed random bn which are less severe than the allowed random bn which are presently being used at the CBA for other reasons than the distortion of the working line. It is more interesting to use the equations given above to compute the good field aperture, as determined by the distortion of the working line, for the presently used allowed bn at the CBA. This is given in the following In the above table, bn = bn x (4.4)n/10-4. The bn are the allowed random bn presently being used for the CBA. The allowed random an and bn are equal. The above table shows that for the higher random multipoles, the good field aperture for the-CBA is about Ap/p = .014 as determined by the chromaticity reaching Crms = .4. The presently required aperture for the CBA is tp/p = ±.01, which is not very far from the aperture limit of Ap/p = .014 due to the chromaticity effect being considered here.
